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A condition to have a real spectrum for a non-Hermitian Hamiltonian is given. As special cases, 
it is shown that the condition is reduced to Hermiticity and PT symmetric conditions. 
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INTRODUCTION 

In quantum mechanics one requires that the eigenval- 
ues of an operator corresponding to a physical observable 
be real numbers. The class of operators that have this 
property are called Hermitian operators and are a corner- 
stone in the theory of quantum mechanics. Hermiticity 
is a useful property as it guarantees the reality of the 
spectrum. However, in 1998, it was shown that the non- 
Hermitian potential 



U(x) = x 2 {ixf 



(e > 0) , 



(1) 



have real positive spectra It was argued that the 
reality of the spectrum was due to the unbroken space- 
time reflection PT symmetry of the Hamiltonians, where 
P, T are parity and time-reversal operator, respectively. 
In other words, the eigenvalues are real when the Hamil- 
tonian and its wave function remain invariant under a 
simultaneous parity and time reversal transformations. 
The first examples for complex potentials with real spec- 
tra were found by using the numerical techniques. After 
the first examples, further ones have been identified us- 
ing perturbative technique and some exactly solvable PT 
symmetric Hamiltonians 0, 0, 0, % @, 0, S, U EE E3 have 
been found. 

Since PT symmetry is an alternative condition to Her- 
micity, it is now possible to construct infinitely many 
new Hamiltonians that would have been rejected before 
because they are not Hermitian. 

Let us recall the properties of PT operation. The parity 
and the time-reversal operator is linear and antilincar, 
respectively and have the effect 



P^ P, 



-x, 



(2) 

is preserved 



Note that the Heisenberg algebra 
since T changes the sign of i. 

It should be stressed that PT symmetry can not be re- 
garded as the fundamental property, which explains al- 
ways the reality of the spectrum for the non-Hermitian 
Hamiltonian as there exist also examples with real spec- 
tra for which not even the Hamiltonian is PT symmetric. 
Furthermore, there are also PT-symmetric Hamiltonians 
that do not have a real spectrum. In contrast with the 
first conjectures, neither Hermiticity nor PT symmetry 



serves as a sufficient condition for a quantum Hamilto- 
nian to preserve the reality of energy eigenvalues. In fact, 
it has been realized that the existence of real eigenval- 
ues can be associated with a non-Hermitian Hamiltonian 
provided it is ry-pseudo Hermitian iJ T = r/Hr) . In this 
context, PT symmetry is P-pseudo-Hermicity for one di- 
mensional Hamiltonians [12J. 

In this Letter, we provide a theorem for the existence of 
the real energy eigenvalues of a non-Hermitian Hamilto- 
nian. We present some concrete examples as an applica- 
tion of the theorem. We discuss the properties of eigen- 
functions of both Hermitian and non-Hermitian Hamil- 
tonians. 

Theorem : Let a Hamiltonian operator be given by 



H = 



2m 



+ u R {x.) + iU I {*) , 



(3) 



where the real valued functions U R , U 1 are the real and 
imaginary parts of the potential, respectively. The en- 
ergy spectrum of this Hamiltonian is real if the expecta- 
tion value of its imaginary part is equal to zero 



< U 1 >= / i^l 2 U 1 d 3 x = 



(4) 



where the integral is taken over all space and \& is the 
eigenfunction of the above Hamiltonian. 
Let us give the proof of this theorem. Specifically, when 
the Hamiltonian is Hermitian, U 1 = 0, it is well known 
that energy spectrum is real. So, this condition is au- 
tomatically satisfied for this case. Suppose now that 
U 1 0. The energy eigenvalues of H are real if and 
only if < H >=< H >* . This relation can be written 
more explicitly as 



J ty*(H + iU 1 )^ (fx = J V(H - iU 1 )^* d 3 x 



(5) 



where Ho = p 2 /2m + U R (x) is the Hermitian part of the 
Hamiltonian. The integrals can be simplified by integrat- 
ing by parts. Using J ^Hq^ d 3 x = J ^Hq 1 ^* d 3 x, we 
get 



U 1 |*| 2 d 3 x 



U 1 I*! 2 d 3 x = 



(6) 



which is satisfied if < U 1 >= 0. It has been proven that 
the energy spectrum is real provided that < U 1 >= 0. 
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When the Hamiltonian is Hermitian, U 1 — 0, this con- 
dition is satisfied for all states. On the contrary, there 
are two cases for a non- Hermitian Hamiltonian. 1) The 
expectation value, < U 1 >, is zero for all states; 2) It is 
zero for some of the eigenfunctions of the non-Hermitian 
Hamiltonian. In the latter case, the energy eigenvalues 
are partly real. The complex energy spectrum for a non- 
Hermitian Hamiltonian appears if < U 1 > is not equal to 
zero for all of its eigenfunctions. 

If the condition < U 1 >= is satisfied then the expecta- 
tion value of H is reduced to that of Hq; < H >=< Hq >. 
However, it does not necessarily mean that the energy 
spectrum of H and Hq are the same. This is because the 
eigenfunctions of Hare not the eigenfunctions of Hq- We 
will now explore the general properties of the eigenfunc- 
tions of any Hermitian Hq and non-Hermitian Hamilto- 
nians H. 

Let ^j(x) = if) (x) + iip 1 ' (x) be the eigenfunctions for a 
Hermitian Hamiltonian Hq, where t/j R ,t(j I are the real 
valued functions. The wave function ^(x) is assumed to 
vanish at infinity. So, both real and imaginary parts 
of the wave function satisfy the boundary conditions 
ip (x = Too) = 0; ip (x — =F°°) = 0. Collecting the real 
and imaginary parts in the Schrodinger equation, we have 

H tp R = Etp R HqiP 1 = Eip 1 . (7) 

It can be seen that both ip R and ip 1 are the solutions to 
the Schrodinger equation. Since the Schrodinger equa- 
tion is of second order, ip 1 is either the second indepen- 
dent solution or equal to ip R . According to uniqueness 
theorem, the solution is uniquely determined by apply- 
ing the boundary conditions. In other words, there is 
one and only one solution to the differential equation, 
i.e., the solution is unique. Hence, ip 1 is equal to ip R 
if the boundary conditions are applied to the solution. 
Then, we obtain ^(x) — ip R (x)(l + i). Assuming ip R is 
normalized to unity, the constant 1 + i is not physical 
and can be dropped from the solution. So, for any Her- 
mitian Hamiltonian, its eigenfunctions which obey two 
boundary conditions are real \P = As examples, the 
wave function of the harmonic oscillator and the radial 
part of the hydrogen atom are real. We can extend our 
discussion to the trapped particle in quantum mechan- 
ics. In this case, we demand that the the wave function 
vanishes at the walls of the box. As an example, the 
wave function of a free particle in a box is real. How- 
ever, when the free particle is not confined into a box, 
the wave function is not real \& = e lkx . This is because 
the boundary conditions are not applied. Spherical har- 
monics, which includes e lm ^, is an another example. In 
this case, although the Schrodinger equation is a second 
order differential equation, we only require one boundary 
condition for the generalized coordinate <p that the wave 
function must be single- valued. If we require two vanish- 
ing boundary conditions, then it would be real. 
A consequence of the above discussion is that the flux or, 



equivalently, the probability current of a Hermitian op- 
erator whose eigenfunctions vanish at two points is equal 
to zero 

h , +df 

J= w * V-*-H =0 ' (8) 

Imi dx dx 

The flux is not zero if only if one does not impose two 
boundary conditions on the wave function. 
It has been proven that the wave functions are real for 
a Hermitian Hamiltonian if two boundary conditions are 
imposed for the second order Schrodinger equation. How- 
ever this is not the case for a non-Hermitian Hamiltonian 
([3]). The wave functions are complex even if the eigen- 
values are real. Collecting the real and imaginary parts 
in the Schrodinger equation yields 

H ip R - U 1 ^ 1 = Eijj R HqiP 1 + U J ip R = Eip 1 . (9) 

It can be easily seen that the real and imaginary parts 
of the eigenfunctions satisfy the two different equations. 
So, tp R is not equal to ip 1 . Hence, we conclude that if 
the Hamiltonian is non-Hermitian, then the correspond- 
ing eigenfunctions are not real. 

Having established the theorem about the reality of en- 
ergy spectrum for a non-Hermitian Hamiltonian, another 
question arises. Is there any non-Hermitian Hamiltonian 
for which < U 1 >— 0? Under what conditions is the ex- 
pectation value < U 1 > zero? 

The trivial answer appears when U 1 = 0. This corre- 
sponds to the Hermitian operator. 

To find the nontrivial answer to these questions, we will 
use the fact that the integral of any odd function equals to 
zero, if limits of integration are symmetric with respect 
to zero. If U^-x) = -U 1 (x) and |*(-a;)| 2 = |*(x)| 2 , 

/OO 
|*(.x)| 2 U'ix) dx = 0. 
-oo 

We will show that PT symmetric Hamiltonian is an ex- 
ample for this case. It was suggested that the reality 
of the spectrum should be attributed to unbroken PT 
symmetry, that is the validity of the two relations [l[ 

[H, PT] = ; PT^(x) = T . (10) 

Consider the following non-Hermitian Hamiltonian 
H = Hq +iU I (x). Assume that PT symmetry is not 
broken, then the equation (|10|) implies 

i) R {-x) - i^i-x) = =F ( ^ R (x) + i^(x) ) , 

U z (-x) = -U'ix) . (11) 

The expectation value of U 1 is given by 

/OO 
U 1 * dx . (12) 
-OO 

The integral can be rewritten as 

/OO 
_ i^l) u 1 (ip R + i^p 1 ) dx . (13) 
-OO 
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Let us now change the variable x in the integral (|T3|) 
to —x. Using (fTTj) and its complex conjugate, it can be 
seen that the function in the integral is an odd function 
of x. Hence, the integral is equal to zero. In other words, 

2 2 

< H >=< + U R (x) + iU T (x) >=< + U R >e R, 

2m _ 2m 

which shows that energy eigenvalues for the non- 

Hermitian PT symmetric Hamiltonian H are real. PT 
symmetric Hamiltonian can be viewed as a class of 
non-Hcrmitian Hamiltonian which satisfy the theorem 
given above. Recall that energy eigenvalues of H and Hq 
are not the same since the eigenfunctions are different. 
Let us now apply the theorem on some examples. Con- 
sider the PT symmetric generalized harmonic oscillator 
potential, 



U(x) =(x- ie) 2 + 



(x ~ ie) 2 ' 



(14) 



where a is a constant. This potential plays an impor- 
tant role for PT symmetric quantum mechanical theo- 
ries, since the accompanying Schrodinger equation can 
be exactly solvable. Shifting the coordinate from x to 
z = x — ie, the eigenfunctions for this potential are given 

by0 



*„« = Nz~ 



-qa+l/2 



cxp(- y ) W 



(15) 



where N is a constant, are the associated Laguerre 
polynomials, n = 0, 1, 2, ... and q = ±1 is the quasi parity. 
It was shown in [l3| that the energy spectrum is real. So, 
we conclude that < U 1 >— for this example. Using the 
exact eigenfunctions, we find 



2(a 2 ~\)x 
(x 2 + e 2 ) 2 



<U I >= / |*„„' J ( -2<.r + — - t ) dx = 

(16) 

The integral is equal to zero since |\&ng| 2 and U 1 are 
even and odd functions of x, respectively. This exactly 
solvable example satisfies our theorem. 
As an another example, consider the following potential 



U (x) = go (x + ie) 



2n 



(17) 



where n = 1, 2, 3, go is the coupling constant and e is 
a constant. One way to generate the non-Hermitian po- 
tential from the Hermitian one is to shift the coordinate 
as x — > x + ie. The potential (TT7|) is invariant under the 
following transformations x — * —x and i — > —i. Further- 
more, the imaginary part of this potential has odd parity. 
Assume that the eigenfunctions obeying the boundary 
conditions ^{\x\ — » oo) = exist. Then < U 1 > is equal 
to zero, since the integrand has odd parity. The energy 
eigenvalues are shown to be real without finding the ex- 
act solution. 

Let us now consider the problem of a particle in a pe- 
riodic potential. This is of extreme practical impor- 
tance in the theory of conduction and insulation in 



solids. The potential the conduction electron feels is peri- 
odic. Since the displacement operator D 1 i<(x) = *B(x + d) 
commutes with the Hamiltonian, these two operators 
have common eigenfunctions. Bloch theorem states 
that the eigenfunction of the Hamiltonian are of the 
following form ^(x) — e lkx u(x), where u(x + d) — u(x). 
Let us study the non-Hermitian potentials for the pe- 
riodic system. Consider the periodic array of atoms or 
molecules for which the probability has parity invariance 
\^(—x)\ 2 = ^(x)] 2 . If the imaginary part of the poten- 
tial is an odd function of x, then the spectrum of band 
structure of a solid is real. 

Having in mind that the integral of an odd function on a 
symmetric interval is zero, the class of the non-Hermitian 
operators for which < U 1 >= has been obtained. How- 
ever, PT symmetry can not be regarded as the funda- 
mental property as there exists non-Hcrmitian Hamil- 
tonian which is not invariant under PT operations but 
satisfies < U 1 >= 0. In the following, we will give such 
examples. 

Consider first the following potential field in one dimen- 



rr/ x a 4fc 2 -4kx + 10-4i , . 

U(x)=x 2 + 2kx + + 5 ; , 18 

x x z x z — % 

where k is a constant. The corresponding Hamil- 
tonian is neither Hermitian nor PT symmetric. 
The imaginary part of this potential is given by 

10 — Akx ~ Ax 2 
U (x) = j— — , which has not odd parity. The 

theorem states that if there exists a state with real en- 
ergy, then < U 1 > must vanish for that state. We will 
show that there exist such a state. 

A physically acceptable special solution for the potential 
(fl~8|) is given by 



*(x) = x 2 (l + ix 2 ) exp (-x 2 /2 - kx) 



(19) 



which vanishes as x — > =Foo. Hereafter, the constants 
in Schrodinger equation are set to unity for simplicity 
(h 2 /2m = h = 1). Note that the wave function, which 
obeys the boundary conditions is not real as expected. 
The potential (fT8]) is not Hermitian, however, the energy 
eigenvalue corresponding to the eigenfunction (|19|) is 
real and it is equal to 9 — k 2 . 

Since the existence of a state with real en- 
ergy has been shown, the theorem should work 
here. Evaluating the required integration yields 



< U 1 >= 



x 4 (10 - Akx - Ax 2 ) e~ 



-2k:r 



dx = 0, 



which is seen to agree with the theorem. 
Non-Hermitian potentials can also be used for the 
trapped particles. In recent years, considerable attention 
has been attracted to the confinement of a particle 
as an application of quantum theory. For example, 
the electrons in a semiconductor are confined by a 
potential well. The confinement can be understood from 
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a particle in a box perspective. Trapping a particle in 
a small space means that only particular type of wave 
function are allowed. As an example of trapped particle 
interacting with a non-Hermitian Hamiltonian, consider 
the potential 

U(x) = uj 2 x 2 + 2iujtx - 2k (xoj + ie) cot(kx) , (20) 

where e,oj, k are constants. Suppose that the particle is 
trapped into a box of length L. The boundary conditions 
are as follows: = 0) = *(x = L) = 0. The potential 
is PT symmetric but the interval is not symmetric. 
A special solution for this potential is given by 

^ k (x) = e -^ 2 /2-«^ S i n (kx) , (21) 

where k — rm/L. The corresponding energy eigenval- 
ues are real and given by E — k 2 + e 2 + to. Since it 
is real, < U 1 > must be zero for that state according 
to the theorem. If we perform the integral, we find 

< U 1 >= 2euj < x > ~2ke < cot(fcr) >= 0. 

So far, we have studied the non-Hermitian Hamiltonian 
in one dimension. We will study Coulomb potential with 
an imaginary coupling constant in 3-D. Suppose that the 
potential acting on a particle reads 

V(r) = r 2 + 2iar - 2ia- , (22) 
r 

where a, (3 are constants. It is not an easy task to show 
that the energy spectrum is real, since the corresponding 
Schrodinger equation is difficult to solve. However, by 
finding a special solution, our theorem can be checked. 
A special solution to the Schrodinger equation for this 
potential is given by 

R(r) = r?- 1 e - r2/2 - lar , (23) 

where (3 — 1 + 1 and I is the angular momentum quantum 
number. The radial wave function vanishes as r —> oo 
and at the origin unless I — 0. The corresponding energy 
eigenvalue is E — 3 + 21 + a 2 . The potential includes 
imaginary coupling constants, but it has been shown 
that there exists a state for which the energy eigenvalue 
is real. 

Let us calculate the expectation value of U 1 . 
If we perform the integration, we find that 

f°° 3 

< U 1 >= / (2ar - 2a-) \R\ 2 dV = 0, which is also is 

Jo . r 
in agrement with the above theorem. 

So far, we have focused on the Schrodinger equation 

with complex potential. The theorem given here can be 

generalized for the nonlinear operators. For example, 

consider the nonlinear Schrodinger equation 

( - V 2 + U(x) + c|*| 2 + if(x) = (24) 



where c is a real constant. The complex term with f(x) is 
interpreted as the gain (loss) term for positive (negative) 
values of f(x). The complex linear term with positive 
f(x) accounts for the mechanism of loading the particles 
such as atoms and molecules into the system by pumping 
them from the external source. However, for the nega- 
tive values of f(x), the above equation describes a system 
that is continuously depleted by loss. This model is used 
for some system such as Bose Einstein condensation and 
optical systems. 

Let us choose f(x) as an odd function of x such as 
fix) = x. The theorem given above can be applied here. 
It states that energy eigenvalues are real in this case since 
the nonlinear term c | | 2 , which is real, can be viewed as 
an effective potential. This can be explained as follows. 
The atoms are injected into the system for x > and lost 
from the system for x < 0, because f(x) is an odd func- 
tion. Since the injected atoms and the depleted atoms 
are equal to each other, the total number of atoms are 
left unchanged. In other words, the absolute square of 
^ is time independent. The contribution of the complex 
term to the Hamiltonian is zero i < f(x) >= 0. 
To sum up, requiring that a Hamiltonian be Hermitian 
is overly restrictive. It has been shown that a consistent 
physical theory of quantum mechanics can be built on a 
non-Hermitian Hamiltonian whose imaginary part satis- 
fies < U 1 >= 0. As a special case, when the Hamiltonian 
is Hermitian U 1 — 0, this condition is satisfied trivially. 
Hermicity and PT symmetry conditions have been ex- 
tended in this Letter. 
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